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Abstract. We compare the invariants for classical knots and links defined using the Juyumaya 
trace on the Yokonuma-Hecke algebras with the HOMFLYPT polynomial. We show that these 
invariants do not coincide with the HOMFLYPT except in a few trivial cases. 



Introduction 

The Yokonuma-Hecke algebras Y^^niu) were introduced by Yokonuma |Yoj in the context of 
Chevalley groups, as generahzations of the Iwahori-Hecke algebras. The algebras Yrf „(u) may be 
also viewed as quotients of the framed braid group algebra over a quadratic relation (see (j2.2p ) 
involving the framing generators by means of certain weighted idempotents Cj. Thus the classical 
braid groups are also represented in the algebras Y,^ ^ (zi) . 

In [Juj Juyumaya constructed a unique linear Markov trace tr on the algebras Yd,n (u) , depending 
on d parameters, z,xi, . . . , Xd-i- The trace tr was used subsequently in |JuLa2] for defining isotopy 
invariants for framed knots. As it turned out, the trace tr would not re-scale directly according 
to the braid equivalence moves. Therefore, certain conditions had to be imposed, implying that 
the trace parameters xi, . . . ,Xd-i had to satisfy a non linear system of equations, the so-called 
Fj- system (see (j2.13p ). Gerardin proved that the solutions of the E-system are parametrized by the 
non-empty subsets 5 of Z/dZ (see Appendix of [ JuLa2j ). Given now any solution of the E-system, 
2-variable isotopy invariants for framed, classical and singular knots were constructed respectively 
in |JuLa2llHCTlJuLa4] . 

For classical knots we have the well-known HOMFLYPT or 2-variable Jones polynomial P ^Joj . 
which is determined by the Ocneanu trace (with parameter (^) on the Iwahori-Hecke algebras Hnio) 
of type A. Therefore, it is natural to ask how the invariant P compares with every invariant 
derived from the Juyumaya trace on the algebras Yd^ni^), for any d G N and for any non-empty 
subset S of Z/dZ. Computational data so far do not indicate that one invariant is topologically 
stronger than the other (see [CJKL| ). 

In order to compare the knot invariants P and A5, we would like to be able to specialize the 
indeterminates xi, . . . , Xd-i to a solution of the E-system as early as possible during the construction 
of A5. This goal is achieved in Section 3 with the construction of the linear map f on Yrf^„(n). 
However, as we show, there is no appropriate algebra homomorphism between Yd,n{u) and T-Lnio)-, 
unless E := tr(ei) = 1, and this makes a connection between the corresponding trace functions 
impossible. In this paper we prove that the invariants P and Ag do not coincide except in a few 
trivial cases, that is, u = 1 or (7 = 1 or £^ = 1, given by Theorem [5l In fact we show (Theorem [6]) 
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that these are the only cases where the one invariant is a scalar multiple of the other, with scalars 
in C{q,C,u,z,E). 

The paper is organized as follows: In the first two sections we present some preliminary results 
on Iwahori-Hecke algebras and Yokonuma-Hecke algebras. In Section 3 we introduce the specialized 
Juyumaya trace, where the indeterminates xi, . . . , Xd-i specialize to complex numbers, and we show 
that it factors through the linear map ip that we construct. We compare the specialized Juyumaya 
trace with the Ocneanu trace and we obtain one case (when E = 1) where the invariants P and 
A5 coincide. In the last two sections we proceed with comparing further the invariants, in order to 
obtain all cases where they coincide. More precisely, in Section 4 we give some necessary conditions 
for P and A5 to coincide, by evaluating the invariants on specific braid words. Finally, in Section 5 
we prove, with the use of an elaborate induction, that these conditions are also sufficient. 

1. The 2-variable Jones or HOMFLYPT polynomial 

1.1. The symmetric group 6„. The symmetric group ©„ is generated by the transpositions si, S2, • • • , 
Sn-i, with Si = {i,i + 1), subject to the relations: 

SiSj = SjSi for |z — j| > 1; 

(1.1) Si+iSiSi+i = SiSi+iSi foralH; 

sf = 1 for all i . 

Let S = {si, S2, ■ ■ ■ , Sn-i} and let w G 6„. Then w = Si-^Si^ ■ ■ ■ Si^, with Si^ G S, is an expression 
for w. If r is minimal such that there exists an expression w = Si^Si^ ■ ■ ■ Sj,,, then this expression is 
called reduced and r is called the length of w. We denote the length of w by i{w). 

1.2. Conjugacy classes of &n- The conjugacy classes of &n correspond to the cycle types of per- 
mutations; that is, two elements of 6„ are conjugate in 6„ if and only if they consist of the same 
number of disjoint cycles of the same lengths. It is well-known that the conjugacy classes of 
are naturally parametrized by the partitions fi of n. If fi has non-zero parts fii, fi2, ■ ■ ■ , then we 
take Wfj, := Sj^. . . . Si^Si^ as representative in the class labelled by fi, where {ii,i2, ■ ■ ■ , ik} is the set 
obtained from {1,2,..., n} by removing the integers ni, fii + fi2, ^1 + ^^2 + ^3, • • • • For example, 
if n = 8 and fi = (4, 3, 1), then /ii = 4, ^1 + /i2 = 7 and /ii + ^2 + ^3 = 8, whence Wfj_ = SQS5S3S2S1. 
The point about choosing these representatives is that Wf^ has minimal length in its conjugacy class, 
that is, we have t{wp) ^ l{w) for any w G which is conjugate to w^. Now let 

2) := {si^ . . . Si^Si^ \ ii < i2 < ■ ■ ■ < ik} C 6„. 

We obviously have Wf^ £ D for every partition fi of n. Moreover, if w = Sj^. . . . Si^Si^ £ D, one can 
easily check that, because of its cycle type, w has minimal length in its conjugacy classQ 

The following result, which relates elements of minimal length in a conjugacy class, will be useful 
in Subsection 13.31 

Theorem 1. [G ePfl Theorem 3.2.9] Let C be a conjugacy class ofGn dnd letw,w' he two elements 
of minimal length in C . Then w and w' are "strongly conjugate" in (3„, that is, there exists a finite 
sequence wq = w,wi, . . . ,Wr = w' such that, for all i = 0,1, ... ,r — 1, 

l{wi) = i{wi+i), Wi+i = XiWiXj^ and i{xiWi) = i{xi) + i{wi) or l{wixY^) = £{wi) + i{x:[^) 

for some elements Xi G &n- 



-'^This result also follows from [GePfl Lemma 3.1.14], since is a Coxeter element of the parabolic subgroup Wj 
of 6n, where J — {si^ , Si2, ■ ■ ■ , Si^} C S. 
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1.3. The Iwahori-Hecke algebra T-Lnio)- Let g G C \ {0}. The Iwahori-Hecke algebra Tiniq) of type 
A is the C-associative algebra with presentation on generators Gi, G2, ■ ■ ■, Gn~i, and relations: 

(bi) GiGj = GjGi for|i-j|>l; 

(1.2) (ba) Gi+iGiGi+i = GiGi+iGi for alH ; 
(h) Gj = iq-l)Gi+q foralH. 

The relations (bi) and (b2) are defining relations for the classical Artin braid group Bn', hence 
HniQ) can be viewed as the quotient of the group algebra Ci?„ over the quadratic relations (h). 
Moreover, for q = 1 the algebra 7in{^) is isomorphic to the group algebra of the symmetric group 
C&n- li w G 6n and w = Si^Si^ ■ ■ ■ si^ is a reduced expression, we set G^ '■= Gi^Gi^ . . . Gi^. The 
set 

is the "standard" C-basis of Tiniq)- Now, the following set forms another linear C-basis for HniQ) 

mm 

<Sn = {{Gi^ . . . Gi^-ri){Gi2 ■ ■ ■ Gi2-r2) ■ ■ ■ {Gip ■ ■ ■ Gi^-rp) 1 1 ^ n < • • • < ip ^ n — 1}. 
Note that all generators Gi are invertible in T-Lniq), with 

(1.3) G^l = q-^G^ + {q-^ - 1) for all i . 

1.4. Computation formulas in the Iwahori-Hecke algebra. Let m G N. It is easy to check that 

Qm ^ (^^m-l _ + . . . + (_l)™~2g + (-I)*"-!) G^ + (g""^ - q""'^ + ■■■ + (-1)™-^?) . 

Hence, if m is even, we have 
and if m is odd, we have 

1.5. The Ocneanu trace r. The natural inclusions Bn C Bn+i of the classical braid groups give rise 
to the algebra inclusions: 

CBo C C5i C CS2 C. . . 
(setting CBq := C), which in turn induce the following algebra inclusions: 

(1.6) Hoiq) Cniiq)cn2iq) C ... 

(setting Ho{q) := C). Then we have the following. 

Theorem 2. \3o\ Theorem 5.1] Let G C \ {0} be an indeterminate. There exists a unique linear 
Markov trace 

r : U Tiniq) €[(] 

n>0 

defined inductively on HniQ) for all n, by the following rules: 

T{hh') = T{h'h) 

r(l) = 1 
T{hGn) = C'^i^) (Markov property) 

where h,h' G Tiniq)- 



The trace r is the Ocneanu trace with parameter Diagrammatically, in the second rule, 1 
corresponds to the identity braid on any number of strands. The third rule is the so-called Markov 
property of the trace. One can look at the left-hand illustration of Figure [1] for a topological 
interpretation of the Markov property. 

Another characterization of the Ocneanu trace can be given as follows. Every trace function is 
uniquely determined by its values on the basis elements Gw, where w runs over a certain set of 
representatives of the various conjugacy classes of S„ jGePfl 8.2.6]. Following [GePfl 3.1.16], these 
particular representatives are the elements w^, defined in ^1.21 for every partition /x of n. Applying 
the defining formula for the Ocneanu trace r to the element G^^, we see that 

(1-7) t(G^J = 

Conversely, if ^/^ is any trace function on Unio) such that ip{Gw ) = (^^('"'') for all partitions fi of n, 
then ip = T. 



1.6. The HOMFLYPT polynomial. Let now C be the set of isotopy classes of oriented links in S^. 
We know from Jones' construction [Jo] that, in order to obtain a link invariant according to the 

Markov equivalence for braids, the closed braids 3, aa^ and aan^ have to be assigned the same 
value for any braid a G Bn- Therefore, in order to obtain a link invariant from the trace r, it has to 
be re-scaled, so that T{hG^^) = T{hGn) for all h G 'Hn{q), and also normalized, so that the closed 
braids a and aon be assigned the same value. Set now 

, C + (i-g) 

Definition 1. |Jol Definition 6.1] We define a map P on the set C by defining P on the closure a 
of any braid a G Bn, for all n G N, as follows: 

where vr : CBn — > 'Hniq) is the natural algebra epimorphism that maps the braid generator to 
the algebra generator Gi, and e(a) is the sum of the exponents of the braid generators in the braid 
word a. Equivalently, by setting 

1 - Xnq 1 



- q) CV>m 

we can write: 

P{a) = {DnT-\^/>m)'^°'^ {r o vr) (a). 

As it turns out, the map P is well-defined on C and it defines the well-known 2-variable Jones or 
HOMFLYPT polynomial, an isotopy invariant of classical knots and links. This map depends on the 
quadratic relation ()1.2p (h). so an automorphism of the Iwahori-Hecke algebra 7in{q) may give rise 
to a different map. However, one can easily check that the map P' induced by the automorphism 

(1.8) Gi ^ -q-^G, 

is equal to P (if G[ := -q'^Gi, then Gf = {q-^ - 1)G[ + q'^ and t{G'^) = -q'^C). We will need 
this later. 
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2. Knot invariants from the Yokonuma-Hecke algebras 



2.1. The Yokonuma-Hecke algebra Yrf^„(u). In the sequel we fix d G N. Let u £ C\{0}. The 
Yokonuma-Hecke algebra, denoted by Yd,n{u), is a C-associative algebra generated by the elements 

91, - ■ ■ ,gn-i,h, ■ ■ ■ ,tn 

subject to the following relations: 



(bi) 


9i9j 


= 9j9i 


for \i — j\ 


> 1 


(b^) 


9i9j9i 


= 9j9i9j 


for \i — j\ 


= 1 


(fi) 


titj 


tjti 


for all i,j 




(f2) 


tj9i 


= 9its,ij) 


for all i,j 




(fs) 




= 1 


for all j 





where Sj is the transposition + 1), together with the extra quadratic relations: 

(2.2) gf = 1 + (u- 1) ei + {u- 1) Ci gi for all i 
where 

(2.3) «-=3E*K>i- 

It is easily verified that the elements Cj are idempotents in Yd^niu)- Also, that the elements gi 
are invertible, with 

(2.4) ff^i = 5i + (n-i - 1) Ci + (n~^ - 1) a gi. 

The relations (bi), (b2), (fi) and (f2) are defining relations for the classical framed braid group 
= Z*^ X Bfi, with the tj's being interpreted as the 'elementary framings' (framing 1 on the jth 
strand). The relations tj = 1 mean that the framing of each braid strand is regarded modulo d. 
Thus, the algebra Ya^niu) arises naturally as a quotient of the framed braid group algebra over the 
modular relations (fg) and the quadratic relations (j2.2p [Juj . Moreover, relations (|2.ip are defining 
relations for the modular framed braid group Td,n — (Z/dZ)" x Bn, so the algebra yd,n{u) can be 
also seen as a quotient of the modular framed braid group algebra over the quadratic relations (|2.2p . 

From the above, the algebra Yd,n{u) has natural topological interpretation in the context of 
framed braids and framed knots. However, in [JuLa3j a different topological interpretation to 
Yd,n{u) was given, in relation to classical knots and links. Namely, viewing the t^'s only as formal 
generators and ignoring their framing interpretation, we have by relations (bi) and (b2) that the 
classical braid group En is represented in Yrf^„(ii). 

The Yokonuma-Hecke algebra was originally introduced by T. Yokonuma |Yo| . For d = 1, the 
algebra Yi^„(n) coincides with the Iwahori-Hecke algebra Tiniu) of type A. For more details and 
for further topological interpretations, see [JuLaH IJuLa21 IJuLaSj IJuLa4] and references therein. 



2.2. Computation formulas in the Yokonuma-Hecke algebra. Let i,k G {1,2, ... ,n} and set 

s=0 
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Clearly Ci^k = ^k^i and it can be easily deduced that = ei^k- Note that Ci^i = 1 and that 
^2,2+1 = ^i- Now, in Y^^^(u) the following relations hold (see [JuLaH Lemma 4, Proposition 5]): 



QjCi = eiQj for j / i - 1, z + 1 

e-j9i9j = 9i9jei for \i - j\ = 1. 

Note that, using (|2.4p . relations (|2.6p are also valid if all g^s are replaced by their inverses 5^^. 
Moreover, the following relations hold in Y^ „(n). 

Lemma 1. Let i,k ^ {1,2, ... ,n}. We have 
In particular, 

tiCi = ti-\-\ei. 

Proof. We have 

^ d-l ^ d ^ /d-l \ d-l \ 

tiei,k = -lYl = lYl = liYl ^i^k'''^^ + ^k) =tk[-;Yl ^"i^k'"' = *kei,k- 



s=0 r=l \r=l / \ r=0 



The following equalities are easy to check (see, for example, |JuLa21 Lemmal]): 
Lemma 2. Let m G N. Then, if m is even, we have 

ei5i H --r^i- + 1> 



□ 



and i/m is odd, we have 

n™ — u u"^ — u 

9i = — rei5iH —ei + gi. 

u+ 1 u+1 

2.3. The Juyumaya trace tr. The natural inclusions J-^ C J-n+i of the classical framed braid groups 
induce natural inclusions Fd,n C Td,n+i of modular framed braid groups and these give rise to the 
algebra inclusions: 

(setting CJ-(ifi '■= C), which in turn induce the following algebra inclusions: 
(2.7) Yrf,o(n) C Yrf,i(n) C Yrf,2(n) C ... 

(setting Ydfi{u) := C). Then we have the following: 

Theorem 3. \Ju\ Theorem 12] Let z, xi, ...,Xd-i G C \ {0} be indeterminates. There exists a 
unique linear Markov trace 



tr : (J Yd,n{u) — > C[z,xi, . . . ,Xd-i] 



n>0 



defined inductively on Yrf^„(n) for all n, by the following rules: 

tr(a6) = tr(6a) 

tr(l) = 1 

tr(a5r„) = ztr(a) 

tr(aC_,_J = Xmtr(a) 

where a,b £ Yd,n{u)- 



(Markov property) 
(m = 1, . . . ,d — 1) 



We shall call the trace tr the Juyumaya trace with parameters z, xi, . . . , x^-i- Diagrammatically, 
in the second rule, 1 corresponds to the identity braid on any number of strands with all framings 
zero. The following figure gives the topological interpretations of the last two rules. 



/ 



tr 



^ / 



/ I I \ 



: z tr 



\ / 



/ 



tr 



Xrn. tr 



Figure 1. Topological interpretations of the trace rules 



The trace rules yield the following relations for all i: 

^ d-l 

(2.8) tr(ei) = -i'^ XsXds =■ E and tr(ei5i) = tr{gi 



s=0 



Using (j2.8p . Lemma [2] implies that the following relations hold: For m £ , we have 



(2.9) 

and 

(2.10) 



1 



tr(5r) 



u+1 

+ 1 

u+1 



z + 



z + 



u 



1 



u + 1 

M*" + 1 

n + 1 



E + 1 if m is even 



E-E 



if m is odd. 



2.4. An inductive basis for the Yokonuma-Hecke algebra. The key in the construction of the trace 
tr is that y^d,n{u) has a 'nice' inductive linear C-basis. Namely, every element of Yd^n+i{u) is a 
unique linear combination of words of the following types: 

(2.11) WngnOn-i ■ ■ ■ giti or Wnt^+l {k£Z/dZ) 

where Wn G Yrf^„(ti). Thus, the above words furnish an inductive basis for Yd,n+i{u), every element 
of which involves gn or a power of tn+i at most once. 

2.5. The split property for the Yokonuma-Hecke algebra. Due to the relations (|2.ip (fi ) and (j2.ip (f9). 
every monomial w in Yd^niu) can be written in the form 



w = t'^^ ... ^^ 



a 



where ki 



, kn G ZjdTL and o" is a word in (71, . . . ,gn-i- That is, w splits into the 'framing part' 
ti^... t^" and the 'braiding part' a. Applying further the braid relations (j2.ip (bi ) and (|2.ip (b9) and 
the quadratic relations (|2.2p . we deduce that the following set is a C-basis for Yd^n{u) jJu ] lJuLal] : 

ki, . . . ,kn G Z/dZ 



Sy 



t'l\..tt{9n 



i){9i2 • • • 9i2-r2) 



1 ^ii <••• < ip ^ n — 1 



2.6. The Fi-system. Let now C be, as above, the set of isotopy classes of oriented links in S*^. As 
mentioned in Subsection 11.61 likewise here, in order to obtain a link invariant from the trace tr 
according to the Markov equivalence for braids, the trace has to be: normalized, so that the closed 
braids a and 5ct^ (a G Bn) be assigned the same value of the invariant, and re-scaled, so that the 

closed braids aan^ and aon (a G Bn) be assigned the same value of the invariant. 

Trying to do that, it was shown in |JuLa2) that tr does not re-scale directly (being the only 
known Markov trace with this property). Indeed, for a € Yrf^„(u), we compute: 

tr{ag~^) = tr{agn) + {u~^ - l)tr(aen) + (W^ - l)tr(ae„5'„). 

Now, although 

(2.12) tr(ae„5(„) = tr(a5'„) = ztr(a) = tr(5(„)tr(a) 

we have that tr(ae„) does not factor through tr(a), that is, 

tr(ae„) / tr(e„)tr(a) 
leading to the fact that tr(Q5'^^) does not factor through tr(Q), that is, 

tr(a5'n^) / tr(5^^)tr(a). 

Forcing tr(ae„) = tr(e„)tr(a) yields that the trace parameters xi, . . . ,Xd-i have to satisfy the 
so-called Fj-system. The E-system is a non-linear system of equations of the form: 



d-l d-l 



(2.13) ^ Xm+sXd-s = Xm'^ XsXd-s (1 ^ m ^ d - 1) 

where the sub-indices on the Xj's are regarded modulo d and xq := 1. Equivalently, the E-system 
is written as 

E^'^^ = XmE 

where 

^ d-l ^ d-l 

E^""^ ■= -^Yl ^m+sXd-s and E := = ^ X] ^^^d-s = tr(ei). 

s=0 s=Q 

As it is shown in [JuLa2j (in the Appendix by Paul Gerardin), the solutions of the E-system are 
parametrized by the non-empty subsets of Z/dZ. Let Xs = {xi, . . . be a solution of the 

E-system parametrized by the non-empty subset S of Z/dl^. Then, as it turns out |JuLa3| . 

(2.14) E = tr(e,) = ^ (l^i^n-1). 
Moreover, if Xs satisfies the E-condition, then we have [JuLa21 Theorem 7]: 

(2.15) tr(aen) = tr(a) tr(e„) = Etr{a) (a G Yrf,„(n)). 

E 

Notation. The symbol '=' will stand for '=' up to the E-condition, that is, with a given solution 
of the E-system. 



2.7. The Case E = 1. The 'trivial' solutions of the E-system are the ones parametrized by the 
singleton subsets of "L/dfL. By (j2.14p . if S is a singleton then E = tx {ci) = 1. In this case, Gerardin 
has shown, in the Appendix of |JuLa2] . that xi is a d-th root of unity and x^ = x™ (1 ^ m ^ d—1). 
Consequently, 

(2.16) Xfc+/ = x^+^ = x^xl = XfcXi {k, I G Z/dZ). 

These solutions are not very interesting topologically, but we prove here that they have the following 
interesting property (a stronger version of ()2.15p ): 

Proposition 1. Let Xg he a solution of the Fi-system such that E = 1. Then 
tr(/3e,) = tr(/3)tr(e,-) = tr(/3) (/3 G Yd,n+i{u), l^j^n). 

Proof. It is enough to show that the above equality holds for the elements of the inductive basis 
given in (|2.11|) . We will proceed by induction on n. Let n = 1 and let k, I G Z/dZ. We have 

iT{t^git[ei) 9 tr{t'lgieit[) tr:{t^git[). 
Moreover, following Lemma [H we obtain: 

tr(t^4ei) = tr(tj+'ei) 1 tr(tf+') tr(ei) = x^+i ^ x^x, = tr(t^4). 
Now let n > 1 and assume that the statement of the proposition holds for smaller values of n. 

Let (3 = WnQngn-i ■ ■ ■ Oit^ for some k ^'L/d'L and some Wn G Yrf^„(u). Assume first that j < n. 
Then 

ti:{w„gngn-i ■ ■ ■ gitiej) = ZtT{Wngn-l ■ ■ ■ Qit'lej). 
By the induction hypothesis, the latter is equal to 

ztx{Wngn-l ■ ■ ■ giti) = tr{wngngn-i ■ ■ ■ giti), 
so we are done. Now take j = n. If z = n, then, by (j2.6p and (j2.12p : 

tr{Wngntnen) = tl^Wngntn)- 

If i < n, then by ([2:61) : 

(|2 . 1 1 (f ) 

tr(u'„5„5„_i . . . giti en) ' = ' tr(w„e„_i5„5f„_i . . . git^) = ztr{gn^i . . . git^Wnen-i)- 
By the induction hypothesis, the latter is equal to ztr((7„_i . . . git^Wn), whence we deduce that 

tr{Wngngn~l ■ ■ ■ gitiCn) = tr{Wngngn-l ■ ■ ■ giti)- 

Now let /3 = Wntn+i for some k G Z/dZ and some Wn G Yd,n{u)- Assume again first that j < n. 
Applying the trace definition and the induction hypothesis we obtain: 

tr{wntn+iej) = Xfctr(?x;„ej) = XA;tr(u;„) = tT{wntn+i)- 
Now take j = n. With the use of Lemma [T] and (|2.15p . we obtain: 

tr{wntn+ien) = tr(w„t^e„) = tr(w„t^)tr(en) = tr(u;„t^). 
We need to show that, under the assumptions of the proposition: 

tr^Wntn) = tr{wntn+i) = Xfctr(t(;„). 
Again, it is enough to show this for the elements of the inductive basis of Yrf^„(u). We have already 
shown it for n = 1 and we will proceed by induction on n. Let Wn = Wn-ign-ign-2 ■ ■ ■ giti for some 
I G Z/dZ and some Wn~i G Yrf^„„i(u). Then 

tr{w„t^) = tT{Wn^ign-ign-2 ■ ■ ■ gitlt^) = tT{Wn-ltn-ign-ign-2 ■ ■ ■ git[) = Z tlc{Wn-ltn-ign-2 ■ ■ ■ giti). 
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By the induction hypothesis, the latter is equal to 

ZXktr{'Wn-ign-2 ■ ■ ■ = Xkt^{Wn~ign-ign-2 ■ ■ ■ Qiti) = Xfctr('U;„). 

Finally, let Wn = Wn-it^ for some I £ Z/dZ and some Wn-i G Yrf,n-i(^)- Then 

tT{Wntn) = tr(u;„_i4t^) = tr(u;„_it^+'') = Xk+ltr{Wn-l) XkXitT{Wn-l) = Xfctr(u;„_it^) = Xktr{Wr, 

□ 

Note that there are also non-trivial solutions of the E-system, with more interesting topological 
interpretations. For a detailed analysis see [JuLa2] . 

2.8. Invariants for classical knots from tr. Given a solution Xs = {xi, . . . ,Xrf_i} of the E-system, 
we wish to define a link isotopy invariant A5. Let a £ Bn- The E-condition guarantees that 

OKTn )• In order for A5(q(Tjj) — As{a) to hold, we need to normahze. Thus, by 

setting: 

z + {l-u)E 
Ay := 

uz 

we define the following map on the set C of oriented classical link types. 

Definition 2. [JuLa31 Definition 3] For a solution Xs of the E-system parametrized by the subset 
S of Z/dZ, we define a map A5 on the set C by defining As on the closure a of any braid a G Bn, 
for all n G N, as follows: 

where 6 : CBn — > Yd^niu) is the natural algebra homomorphism that maps the braid generator 
CTj to the algebra generator gi, and e{a) is the sum of the exponents of the braid generators in the 
braid word a. Equivalently, by setting 

1 - Xyu 1 



-v/Ay(1 — u)E z^/XY 
we can write: 

Asia) = D^-\^)<^'^ (tr o 5) (a). 

In [JuLaS] the following result was obtained: 

Theorem 4. For a solution Xs of the ^-system, As is well-defined on the set C, that is, it is a 
2-variable isotopy invariant for oriented classical links, depending on the variables u, z. 

Note that for every d G N, the above construction provides us with 2^^ — 1 isotopy invariants for 
knots. 

As shown in |CJKL) . the invariants As (but not the trace tr) have the multiplicative property 
on connected sums of links. Further, it was shown in [JuLa3] that A5 satisfies a 'closed' cubic 
relation (closed in the sense of only involving braiding generators), which factors to the quadratic 
relation of the Iwahori-Hecke algebra T-Ln{u). Finally, it was shown in |JuLa2| that in the context 
of framed links the invariant A5 satisfies a skein relation. However, when A5 is seen as invariant 
of classical knots, this skein relation has no topological interpretation. This makes it very difficult 
to compare the invariants As with the HOMFLYPT polynomial using diagrammatic methods. 

3. The Ocneanu trace vs the specialized Juyumaya trace 

In order to compare the knot invariants P and A5, in view of the E-condition, we would like 
to be able to specialize the indeterminates xi, . . . ,Xd-i to a solution of the E-system as early as 
possible during the construction. 
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3.1. The algebra homomorphism approach. Our first approach to the above problem is to construct 
an algebra homomorphism / : \Jn>o^d,n{u) — > Un>o^'^."(^) such that 

/(C) =x„ (l^m^d-1), 

where xi,X2, . . . ,X(i-i G C \ {0}. Since / is an algebra homomorphism, we must have 

fit-i) = /(t^') = Xk+l = XfeX, = f{t^)f{i) for k, I G Z/dZ, 

that is, xi is a d-th root of unity and Xm = Xj" (1 ^ m ^ d — 1). In this case, the complex numbers 
xi,X2, . . . ,X(^_i are a solution of the E-system such that E = 1. Moreover, we must have 

figl) = / (1 + (n - 1) ei + (n - 1) e, g^) = I + {u - I) + {u - l)f{gi) = u + {u - l)f{gi) = f{gif, 

whence we deduce that 

f{9i)=u or f{gi) = -l. 

All these restrictions that / imposes {E = 1, f{gi) G {u, —1}) make / an uninteresting mapping 
for our purposes (although it explains Cases 9 — 12 of Theorem [S] that we will see later). This 
is why in this section we will proceed with a step-by-step specialization ^mi namely with 

the construction of a 'specialized' Juyumaya trace, and a linear map (p on the Yokonuma-Hecke 
algebra through which the trace factors. This will allow us to conclude, in Subsection 13. 4i that the 
invariants P and As coincide when E = 1. 

3.2. The specialized Juyumaya trace. 

Definition 3. Let xi,X2, . . . ,x^_i G C \ {0} and consider the ring homomorphism 

e : C[z,xi, . . .,Xd-i] — > C[z] 

Z I— )■ z 
Xm ^ Xm (1 ^ m ^ (i — 1) 

The map shall be called the specialization map. We will call the composition 

0otr : [jYd,n{u)^C[z] 

ra>0 

the specialized Juyumaya trace with parameter z. 

Note that in the case d = 1, when the algebra Yi^„(ti) coincides with the Iwahori-Hecke algebra 
7in{u), 6 is simply the identity map on C[z] and the specialized Juyumaya trace ^otr = tr coincides 
with the Ocneanu trace. 

Remark 1. For a fixed 9, the specialized Juyumaya trace with parameter z is equal to the Juyu- 
maya trace with parameters z,xi, . . . ,Xrf_i. In this section, we will keep the notation 0otr to avoid 
confusion. Hence, for a solution Xs of the E-system, the invariant As can be rewritten using the 
map 9 as follows: 

Asia) = D^-\y/^)<''^ (0 o tr o 5) (a). 

3.3. Similarities with the Ocneanu trace. In this subsection we will give another characterization 
of the specialized Juyumaya trace as follows. Let w G and let w = Si^si^ . . . Si^ be a reduced 
expression. Then we can set g^ '■= gngi2 ■ ■ ■ Oir- If w^w' G ©„ are such that £{ww') = £{w) +£{w'), 
then we have 

(3.1) OwOw' = 9ww'- 

Let ^ be a partition of n and let be the corresponding element of (3„ defined in ^1.2[ Applying 
the defining formula for the Juyumaya trace tr to the element gi^^, we see that tr(g(^^) = 
whence we deduce: 

(3.2) {9otr){g^^) = z'^^^\ 
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We will show that, as in the case of Iwahori-Hecke algebra of type A, the specialized Juyumaya 
trace on Yd,n{u) is uniquely determined by its values on the elements Qw^, where /i runs over the 
partitions of n. That is, if ip is any trace function on Yd,niu) such that '4'{gwp) = z^*^"'''-* for all 
partitions ^ of n, then 9 o ip = 9 o ti. To achieve our aim, we shall first construct a linear map 
^ '■ Un>o Yd,n(w) — > Un>o Yd,n(M) with the property: tr o = 6* o tr. 

Proposition 2. Let 9 be as above and set xg := 1. Let tp : Ura>o ^<^."('") — ^ {Jn>o^d,n{u) be the 
linear map defined inductively on Yd,n{u), for all n G N, by the following rules: 

(^(1) = 1 

V{Wngngn~l ■ ■ ■ Qit^) = 5'„¥?(w„5n~l • • • Qit^) 
ifiWritn+l) = yik^{Wn) 

where Wn £ Y^^niu) and k G TLjd'L. Then we have: 
(3.3) tr o = o tr. 

Proof. It is enough to show that (|3.3|) holds on the elements of the inductive basis of Y^ „+i(n), 
and we will do this by induction on n. From now on, k and I are elements of Z/dZ. 
First, let n = 1. We have 

tr = tr (51 ^^(i?)) = tr(xfe5i) = x^z = 9{xkz) = 9 (tr(t^5i)) 

and 

tr = tr (xfc99(4)) = tr(xfexO = x^x^ = 9{xkXi) = 9 (tT{t[t^)^ . 

Now assume that (j3.3p holds for smaller values of n. We have 

tr {^^{WngnQn-l ■ ■ ■ Qit^)^ = tr {gn^{Wngn-l ■ ■ ■ Qit^i)^ = zil (^Lp{Wngn~l ■ ■ ■ giti)^ , 

since ip{wngn-i ■ ■ -giti ) G Yci,n{u). By the induction hypothesis, the last term is equal to 

Z 9 (tr{Wngn-l ■ ■ ■ giti)^ = 9 (^Ztl{Wngn-l ■ ■ ■ giti)^ = 9 (tl{Wngngn-l ■ ■ ■ giti)^ ■ 
Finally, we have 

tr (^(piWntn+l)^ = tr {Xkipiwn)) = Xfc tr {ipiWn)) ■ 

By the induction hypothesis, the last term is equal to 



^kO (tr(u'„)) = 9 {xk tr(w„)) = 6l(tr ( Wntt 



+1. 



□ 



Remark 2. The map 99 is an intermediate construction between the algebra and the trace map. 
An analogue of the map 99 can be constructed on the Iwahori-Hecke algebra T-Lnio)- 

Remark 3. By virtue of Proposition [21 for a solution Xs = {xi, . . . ,Xrf_i} of the E-system, the 
invariant A5 is rewritten as: 

A5(S) = \/A^)^(°) (tr o v9 o 5) {a). 

Moreover, in view of the discussion in Subsection 13.11 and since '^{gi) = gi and (p{t^) = x^, the 
map (p of Proposition [2] provides us with the earliest possible specialization of xi,... ,Xd-i to Xs 
during the construction of A^. 
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Proposition [2] implies that the speciahzed Juyumaya trace is uniquely determined by its values 
on the elements of the image of ip. We will now show that ip(Yd,n{u)) is the subspace Wn of Yd,n{u) 
spanned by the elements {gw}w&T)-: where 

D = {si^ . . . Si^Si^ \ ii < i2 < ■ ■ ■ < ik} C 6„. 

Proposition 3. Let n € N and let Wn be the C-linear subspace o/Yrf^„(n) spanned by the elements 
Then ip{Yd,n{u)) = Wn- 

Proof. First note that we have Wn C Wn+i and gnWn C W^+i- Note also that ip{l) = 1 G Wn- 

We will first show that ip{Y d,n{'^)) ^ Wn- We will proceed by induction on n. Let n = 1. Then 
(^(tj) = Xfc • 1 G Wi, for all k G 7,/dZ. Now assume that (p{Yd,n{'u)) C Wn- In order to show that 
ip{Y(i,n+i{u)) C Wn+i, it is enough to show that the images of the elements of the inductive basis 
of Yd,n+iiu) under </? are contained in Wn+i- Let Wn G Y^^niu) and k G Z/dT,. We have 

ifiWngngn-l - - - git\) = gn^{Wngn~l - - - git^) £ 9nWn C Wn+1 

and 

^p{Wntn+l) = XkifiWn) & Wn C Wn+1- 

We conclude that ip(Yd^n+i{u)) ^ Wn+i- 

On the other hand, let w £ D. Then = (p{gw), and so Wn ^ (p{Y(i,n{u)). □ 

Now let w £ Following the discussion in ^1.21 w has minimal length in its conjugacy class 
in &n- Suppose that the conjugacy class of w is parametrized by the partition n of n. By The- 
orem [H the elements w and are strongly conjugate, that is, there exists a finite sequence 
w = wq, wi, . . . ,Wr = Wfj_ such that, for alH = 0, 1, . . . , r — 1, 

i{wi) = i{wi+i), Wi+i = XiWiX~^ and i{xiWi) = £{xi) + i{wi) or i{wiX~'^) = i{wi) + £{x^^) 

for some elements Xi G ©„. Following (j3.ip we deduce that, for alH = 0, 1, . . . , r — 1, we have 

g-wi+i = gxigwigxi > 

and thus, 

tr (s'to.+i) = tr (ff^„J . 

In particular, we have 

tr (g^) = tr (g^^) . 
More generally, if ip is any trace function on Y^^niu), then we have 

(g-w) = {gwf,) - 

We conclude that the specialized Juyumaya trace on Yd,n{u) is uniquely determined by its values 
on the elements g^^, where /i runs over the partitions of n. 

3.4. Consequences on the case E = 1. Suppose now that the complex numbers xi, X2, . . . , Xd_i 
are solutions of the E-system such that E = 1, that is, xi is a d-th root of unity and x^ = 
(1 ^ m ^ d — 1). In this case, we can define the algebra epimorphism 

7 : ^d,n{^) ^ T-(-n{u) 

gi H> Gi 

h+ x„ (l^m^d-l). 

This is indeed an algebra homomorphism, since it respects all the defining relations of the algebra 
^d,niu)- In particular: 

ligf) =7{l + {u-l)ei + {u-l) Ci gi)=u+{u- l)Gi = Gj = -f{g,f 
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and 

7(i ■ t ■) = 7(t ■ = ^k+i = Xfcx, = 7(t ■•)7(ti) for k, I G Z/dZ. 
The map 7 is also clearly surjective. 

Remark 4. Note that the map 7 is not an algebra homomorphism if ii^ 7^ 1, because neither of 
the above equalities holds. 

Now consider the Ocneanu trace on %n{u) with parameter Q = z. The composition r o 7 is a 
Markov trace on Yd,n{u) which takes the same values as the specialized Juyumaya trace on the 
elements Qw^, where ^ runs over the partitions of n. We deduce that 

(3.4) ro7 = 6'otr. 

The following result is a consequence of (j3.4p . 

Proposition 4. Let Xs he a solution of the ^-system such that E = 1. Let tr be the Juyumaya 
trace on Yd,n{u) with parameters z, Xs, and let r be the Ocneanu trace on Unio) with parameter 
Q. If we take u = q and z = then 

(ro7r)(a) = (tro5)(Q;) (a G B„) 

for all n G N. 

Proof. Let a G B^- By definition of the map 7, we have (7 o 6){a) = 7r(a). Following Remark [H 
the Juyumaya trace tr with parameters z, Xs is equal to the corresponding specialized Juyumaya 
trace. Now Equation [33] yields the desired result. □ 

Under the assumptions of Proposition HI we automatically obtain A-^ = Xy . We conclude the 
following. 

Corollary 1. Let Xs be a solution of the ^-system such that E = 1. Let tr be the Juyumaya trace 
on Yd,n{u) with parameters z, Xs, and let r be the Ocneanu trace on T-Lnio) with parameter (. If 
we take q = u and Q = z, then 

P{a) = A5(3) (a G B„) 

for all n G N. 

Since the map P is invariant under the Hecke algebra automorphism p.Sp . we also obtain the 
following. 

Corollary 2. Let Xs he a solution of the ^-system such that E = 1. Let tr be the Juyumaya trace 
on Yii^n{u) with parameters z, Xs, and let r he the Ocneanu trace on T-Lnio) with parameter C,. If 
we take q = 1/u and C = —z/u, then 

P(a) = Asia) {a G B^) 

for all n G N. 

In the next sections we will explore the remaining cases where the maps P and A5 coincide, and 
show that they are all trivial, that is, either u = 1 or q = 1 or E = 1. 

4. Comparing P and As 

From now on, let Xs = {xi, . . . , x^-i} be a solution of the E-system parametrized by a subset S of 
Z/dZ. Let tr be the Juyumaya trace on Yd,n{u) with parameters z, Xs, and let E = tr(ej) = l/l^l. 
Let r be the Ocneanu trace on Tiniq) with parameter ^. In this section, we will assume that the 
maps P and A5 coincide, and we will see what restrictions this assumption imposes on the values 
of q, u, z and E. 

14 



4.1. Some equalities. First of all, if P and Ag coincide, they should take the same value on the 
closure of any braid in any B^- In particular for the identity braid 1 in each i?„ we have: 

P{1) = D^-^ = D^-^ = ^s{l) 
for all n G N, whence we deduce that 

(4.1) Dn = Dy. 
From (|4.ip we obtain the following equality: 

(4.2) {uC + z"^ -uEz + Ez)q = uC{C + ^)■ 
l^ = —1, then we must have uC, + z'^ — uEz + Ez = 0. If (" 7^ — 1, then (|4.2p yields the following 
equality for q: 

n(, + — li^/Z + hz 
Now if P = A5 and D-^ = Dy, we must have 

for all a S -Bn and for all n G N. Taking a = G iJ^ and a = a\ ^ Bn, for n > 2, we obtain 
respectively: 

(4.5) (^2^ + ^2) ^^^(^^^^2)^ 

where 

b := tT{gl) = 1 + (u - 1)E + {u - l)z, 

and 

(4.6) {bzC + z^)q = CicC + bz), 
where 

c := trigf) = (n^ - «)£; + {u^ - u + l)z. 

Note that Equation 14.51 implies that ^ = — 1 if and only if + z'^ = 0. 

From now on, let us assume that ^ —1. Then (j4.5p and (j4.6p yield respectively the following 
equalities for q: 

and 

Suppose first that z'^ ^ 6. Combining (|4.3p and ()4.7p yields: 

2 ~ ubEz + 6£^z — uz'^ z^ — uEz^ + — uz^ 

(4-9) C 5 I, ^ 9 L ■ 

uz'^ — ub uz'^ — ub 

Suppose now that bz ^ c. Combining (14.31) and (j4.8p yields: 

n cz^ — ucEz + cEz — uz^ ^ bz^ — ubEz'^ + bEz'^ — uz^ 

4.10 c' = 7 C + 7 • 

Moz — uc ubz — uc 

Combining (|4.9p and (|4.10p yields = — 1, which contradicts our assumption, unless 

^ , l-E+u+uE 

u = 1 or E = \ or 2; = . 

2 
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We conclude that the only cases where the invariants P and may coincide are the following: 

(1) C = -i; 

(2) C/-1, z^ = b; 

(3) C/-1, bz = c; 

(4) C/-1, n=l; 

(5) C^-1,E = 1; 

(6) C / -1, ^ = (1 - ^ + -u + uE)/2 . 

4.2. The case ^ = —1- If C = ~1) then Equations 14.21 and 14.51 imply that 

= uEz - Ez + u and z'^ = b = l + {u - l)E + (n - 1)2;. 

Combining the two equalities above yields 

{u-l){E + z) = {u-l){Ez + l) 

which is true only ifn=lor£'=lorz = l. 

If M = 1, then z = —1 or 2: = 1. If £^ = 1, then z = —1 or z = u. If 2; = 1 and u ^ 1, then 
E = —1 which is absurd. 

4.3. The case ( ^ -I, z^ = b. Uz^ = b = l + {u- l)E + {u - l)z, then Equation O yields q = C- 
Replacing g = ^ in (|4.3p . we obtain that = uEz — Ez + u. As in the previous subsection, we 
conclude that M=lor£' = lorz = l. 

If u = 1, then z = —1 or z = 1. If E = 1, then z = —1 oi z = u. If 2; = 1 and u ^ 1, then 
E = —1 which is absurd. 



4.4. The case C 7^ —1; bz = c. We have 

bz = z + uEz — Ez + uz^ — z} = v^z — uz + z + ij?E — uE = c 

which yields 

z{u -l){E + z) = u{u - l)[E + z). 

In the next two subsections, we will see what happens when u = 1 and E = 1. Thus, for the 
moment we may assume that u 7^ 1 and E ^ 1. 

If 2; = —E, then 6=1, and combining Equations 14.31 and 14.71 yields Q = iE and q = 1. If 
z 7^ —E, then z = u, and combining Equations 14.31 and 14.81 yields a contradicition. 

4.5. The case C 7^ — Ij u = 1. If C 7^ ~1 and u = 1, Equation 14.31 becomes 

(4.11) ,= i^. 

Moreover, we have b = 1, so Equation 14.71 becomes 

+ z^C 

(4-12) 1 = -2y^- 

Combining Equations 14.111 and 14.121 gives us 

e{z^-i) = z\z^-\\ 

which holds only if C = z or C = — z or z = 1 or z = —1. 
If C = ibz, then q = \. \i z = ±1, then q = C- 
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4.6. The case ( =^ -l^ E = 1. Suppose that z'^ ^ b (the case z = b has been completely covered 
in ^4.3p . Then Equation HT9l becomes: 

(4.13) e = "-^c+-. 

u u 

The above quadratic equation has two solutions: Q = z or Q = —z/u. If (" = ^, then Equation 14.31 
yields q = u. If C = —z/u, then Equation 14.31 yields q = 1/u. 

4.7. The case C 7^ —1, z = {1 — E + u + uE)/2. As in the previous subsection, we may assume that 
z^ 7^ h. Then Equation 14.91 becomes: 

, , , ,2 -l + E-2u~ Eu^ - -i^2E-2u- 2Eu'^ - E"^ - + 2E'^u - E'^u^ 

(4.14) C = 



-c + 



2u Au 
The above quadratic equation has two solutions: C, = —z 01 C, = —z/u. If C = then Equation l4.3l 
yields q = —u. If C = —z/u, then Equation 14.31 yields q = —1/u. 

4.8. Summarizing. The cases below are the only cases where D-^ = Dy and 

^ * ^ - ' ^ ^ for m G {2,3}. 



One can easily check, using (II. 4j) . (II. 5j) . (12. 9p and (|2.10p . that the above equality holds for all 
m G N. 



Case 



c 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 



u 
l/u 
—u 
-1/u 



z 

— z 

q 
q 

-1 
-1 

E 
-E 

q 
q 

-1 
-1 

z 

-z/u 

—z 

-z/u 



1 
1 
1 
1 
1 
1 

c* 

C* 



(1 
(1 



E 
E 



C* 
C* 
1 

-1 
1 

-1 

-E 
-E 
-1 
u 

-1 

u 
C* 

C* 

^u-^uE)/2 
^u + uE)/2 



any 
any 
any 
any 
any 
any 
any 
any 

1 

1 

1 

1 

1 

1 

any 
any 



4.9. Dismissing two cases. Let us now take a = fJicjgCTiO"! in B.^ for n > 3. We have 

T{7T{a)) = r(GiGiGiGi) = (g^C - 2qC + C)iq\ - qC + C + q^ - q) + {2q\ - 2qC + q''){qC - C + ' 

and 

tr(5(a)) = tT{gighi9l) = ti{gj) + 2{u - l)tT{gfe2) +2{u - l)tT{gfg2e2) 



Here, the fact that Xs 



{u - 1)^ [tr(5i 625162) + 2tr(5i 62515262) + tr(5i52e2fl'i52e2)] • 
{xi, . . . ,Xrf_i} is a solution of the E-system simplifies calculations a lot. 



For example, we automatically deduce that tr(5^62) 
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Etr{gl). Now let us see what happens when 



we try to calculate tv{gie2gie2)- This is always equal to: 

k=0 m=0 k=0 m=0 k=0 m=0 

We have 

tiigjt'lt^) = trit'lt^) + (n - 1) tr(eit5^t^) + (n - 1) ti{gieit'ltf) 

= XfcXm + (u - 1)^ J2'l=0 y^k+l^m-l + {u- l)zyik+m 
E 

= XfcX^ + {U- 1)E Xk+m + {U- l)z-^k+m 

Thus, 

tr(5ie25ie2) = ^ Efc=0 Emio Xd-fc-mXfcX^ + [(n - + z)]jj Y.t=0 T.m2o Xd-k-m^k+r^ 

= \ EtUME + [{u-l){E + Eto E 

= + [{u - 1){E + z)]E = E{uE + uz-z) = Etv{eigj) 
We finally obtain that 

ii{giglgigl) = 6(26 - 1) + (n - 1)2(E + + z){uE + uz-z)+ u{u - ifz^. 
In Cases 1-14, we obtain: 

r(7r(a)) r(GiGiGiGi) e /C\' /C^^^"^ 



tr((5(a)) tr(5(i5(2g,^g2) 

Cases 15 and 16 collapse, unless E = 1 ox u = ^1. However: 

• Case 15, = 1 is covered by Case 10 ; 

• Case 15, n = 1 is covered by Case 3 ; 

• Case 15, n = — 1 is covered by Case 7; 

• Case 16, E' = 1 is covered by Case 12 ; 

• Case 16, n = 1 is covered by Case 3 ; 

• Case 16, u = —1 is covered by Case 8 . 

5. The only cases where P and A5 coincide 

We will show that the cases where the invariants P and A5 coincide are precisely the Cases 1-14 
in the table of ^4.81 We have already shown that if P and A5 coincide, then we must be in one 
of these cases. We will now show that in all these cases, P and Ag do coincide. Note that these 
results hold for any d G N and for any non-empty subset S of TLjd'L. 

5.1. General methodology. We already know (see ^4.8p that, for a = cr^ G Bn (l^i^n — 1), in 
Cases 1-14 we have 

(5.1) Bn = By and Pj^^r^ = (-) for aU m G N. 

tr(5(a™)) \zj 

In particular, following ([13]), ([I3D, ([23]) and (f230|) . in Cases 3-6 and 9-12 we have 

(5.2) T{7r{a^)) = C and tr(5«)) = z'™ for ah m G N. 
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We need to show that 

T(ir(a)) /CA'^"^ 

(5.3) = ^ for ah a G B„, 

tr(5(a)) 

where e(a) is the sum of the exponents of the braid generators in the braid word a. In Cases 3-6 
and 9-12 we will even show that 

(5.4) -r(7r(a)) = C^"'> for all a e Bn 
and 

(5.5) tr((5(a)) = for ah a G 

We will prove the above by induction on the following non-negative number: 

iy{a) := I sum of all negative exponents of the braid generators in a |. 

Note that z^(a) depends on the expression of a in terms of braid generators. 

For the inductive step, we will show (j5.3p in Cases 7-8 and 13-14 (respectively (j5.4p and (jS.Sp 
in Cases 3-6 and 9-12) for aa~ {a G Bn, 1 ^ i ^ n — 1) using the induction hypothesis. The 
formulas for 7r((T~^) = G^^ and 6{a^^) = g^^ are given respectively by Equations 11.31 and l2.4[ 

For the first step (I'ia) =0), we will proceed by induction on n. Set 

B+ := {a G S„ | „{a) = 0}E 

The cases n = 1 and n = 2 are taken care of by (|5.ip for Cases 7-8 and 13-14 (respectively (|5.2p 
for Cases 3-6 and 9-12). We will only need to prove (|5.3p (respectively (|5.4p and (|5.5p ) for B^_^_^ 
assuming that it holds for B^ . To do this we will use a second induction on the non-negative 
number e(/?) -|- e„(/3), where eniP) denotes the sum of the exponents of the braid generator an in 
the braid word (3 G B^_^^. Note that e(/3) is uniquely defined for /3, whereas e„(/3) depends on the 
expression of (3 in terms of braid generators. However, we always have e(/3) > e„(/3). 

If e{f3) + en{P) = 0, then (3 = 1 and there is nothing to prove. If e(/3) -|- e„(/3) = 1, then e(/?) = 1 
and €n{l3) = 0. Hence, (3 = ai for some 1 ^ i ^ n — 1 and the desired result holds. Now assume 
that e{j3) + en{/3) > 1 and that the result holds for smaller values of e -|- e^. We will distinguish 
three cases: 

• If e„(/3) = 0, then (3 G -B^, and the induction hypothesis on n yields the desired result. 

• If e„(/3) = 1, then there exist ai, ai G B^ such that /? = aicj„,a2. We have 

r(7r(/3)) = QT{jx{a\a2)) and tr(5(/3)) = z\,Y{8{a\a2)). 

The induction hypothesis on n yields the rest. 

• If e„,(/3) > 2, then there exist a G B'^ and /3i, /32 G -^n+i such that f3 = /3iO"„a(j„/32. We 
will need the following lemma: 

Lemma 3. Let a G B^ . Then one of the following hold: 

(i) anacTn = aianOi2, for some 01,02 £ or 

(ii) andCTn = f3icr'jP2, for some (3i,P2 G ^n+i '^'^^ 1 ^ j ^ n. 

Proof. We will proceed by induction on n. If n = 1, then a = 1 and we are in Case (ii). Assume 
that the above holds for 1,2, ... ,n — 1. We will show that it holds for n. We will proceed by 
induction on the number e„_i(a), that is, the sum of the exponents of the braid generator Cn-i in 
the braid word a: 

• If €n-i{c() = 0, then cr„ commutes with a, and 



This set is known as the braid monoid, see, for example, [GePfl Chapter 4]. 
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• If e„„i(a) = 1, then there exist 61, 62 £ -^n-i such that a = h\an~\h2- We have: 

fj„a(T„ = 6i(J„,(T„_iCJ„62 = &l'7n-lO-nO'n-1^2 = ai(T„a2, 

where ai = h\an-\ G i^rT ^-^^^ = S ■ 

• If en-i(a) > 2, then there exist h G and ai,a2 G -B^ such that a = aicr„_i&cr„_ia2. 
Then, by the induction hypothesis on n, one of the following hold: 

(i) cj„_i6cj„_i = 6icj„_i62, for some 61,62 G or 

(ii) (Tn_i6(T„_i = q'^(t|q2, for some a'^,a2 G -B^ and 1 ^ j ^ n — 1. 

In Case (i), the induction hypothesis on e„_i(a) yields the desired result. In Case (ii), we 
obtain: 

cr„a(T„ = (T„aia'iCr|Q2a20-„ = /3i(t|/32, 
where /3i = anCeia'i G ^^J+i and P2 = a2'^2f'"n G 

□ 

Applying now the above lemma to the word /3 = /3ifT„a(T„/325 where a G and /3i, /32 G -BfJ+i, 
we obtain that one of the following hold: 

(i) /3 = /3iaiO"„a2/32, for some 01,02 G i?,^, or 

(ii) /3 = /3i/3l (72/3^/32, for some /31,/3^ G and 1 ^ i ^ n. 

The induction hypothesis on e(/3) + en(/3) covers Case (i), since ^n{PiO-i(TnO-2P2) < en(/3i'7raQ;o"n/32)- 
Therefore, it is enough to prove ()5.3p (respectively ()5.4p and ()5.5p ) in Case (ii). Since r and tr are 
trace functions, we deduce that we will check the desired equalities on all words of the form: 

To summarize: In order to prove Equality 15.31 in Cases 7-8 and 13-14, and Equalities 15.41 and 
15.51 in Cases 3-6 and 9-12, we will show that these equalities hold on all words of the form 

Pa] (/3Gi?++i,l^j^n), 

assuming the induction hypotheses on n and on 6 -\- 672, and all words of the form 

aa^^ (a G -B„, 1 ^ i ^ n - 1), 

assuming the induction hypothesis on i'. 

5.2. The Cases 1 and 2. In the first two cases, although our general methodology applies, we 
prefer to use the following, simpler approach. Since q = 1, the quadratic relation (ll.2p (h) in 
the Iwahori-Hecke algebra ^n(l) — S„ becomes Gf = 1. Similarly, since u = 1, the quadratic 
relation (j2.2p in the Yokonuma-Hecke algebra Y^.„(l) becomes gf = 1. Therefore, there exist two 
natural isomorphisms and l~ between 7r(CiJ,i) = UniX) and 6{CBn) given by L'^{Gi) = gi and 
i^{Gi) = —gi respectively. Now, if we take C = -2, then tr o i+ is a Markov trace on ^„(1) that 
satisfies all three rules of Theorem [2j The uniqueness of the Ocneanu trace yields tr o /,+ = r. So 
in Case 1 we have: 

r (,(„)) _ tr _ .,.({(«)) _ J ^ ..y(«. ^ / A""' ^„ „ ^ „ , 



tr(5(a)) tr(5(a)) tr((5(a)) \zJ \z ^ 

Similarly, if we take C = —z, then troi~ is a Markov trace that satisfies all three rules of Theorem[2j 
Therefore, we obtain tr o = r. So in Case 2 we have: 

r(.(a)) _ uir (,(„))) _ (-!).<-).■■ (*(«)) _ , ^ /-.y'"> _ /cy<"' ^„ ^ ^ 



tr(5(a)) tr((5(a)) tr(5(a)) ^ ^ V ^ / V-^ 
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5.3. The Cases 3-6. Following our general methodology, let first fi G ^.^+1 and 1 ^ j ^ n. If 
C = (7, we have 

r (vr(/3a|)) = (g - 1) r ^a,)) + qrW)) ^°"='^p- (g - 1) + g • g^^^) = g^e^)^^ = ^(^^1). 

If = —1, we have 

If n = 1 and z = 1, we have 

tr [5{l3a^^)) = tr '"'=^p- 1 = z^^'^'^?). 

If u = 1 and z = — 1, we have 

tr(5(/3a2)) =tr(5(/3)) '"'^^P' = = ^^(/^-D. 

Now let a G and l^i^n — 1. If(^ = g, we have 

r (^(acj-i)) = q-^ r (^(Qai)) + (g-i-l) r (^(q)) ''^'^=''^- g-ig^(°)+i + (g"^-l) g'^^^ = g'^^^"^ = C^^^^"': 
If = —1, we have 

If n = 1 and z = 1, we have 

tr (5(aari)) = tr {5{aa,)) '"''=^''- 1 = z^^'^T') . 
If n = 1 and z = — 1 , we have 

tr ((5(aari)) = tr {5{aa,)) = (-l)^H-i = z^^-T') . 

Thus, we conclude that (j5.4p and (15. 5p hold, whence we deduce (15. 3p . 

5.4. T/ie Cases 7 anrf S. In order to show (jS.Sp in Cases 7 and 8, we will first show that 

(5.6) T{hG]) = T{h) (/iG?^„(l), 1 ^ 
and 

(5.7) tr(y5f ) = tr(y) (y G Yrf,„(u), 1 ^ j ^ n - 1). 
Note that ()5.7p is equivalent to 

(5.8) tr(yej) = -tr(y5jej) (y G Yd_„('u), 1 ^ j ^ n - 1). 

Equation 15.61 is straightforward, since = 1, for all j = 1, . . . , n - 1, in 'H„(l). To prove (j5.8p we 
will proceed by induction on n. Recall that z = —E. It is enough to show that ()5.8p holds on the 
elements of the inductive basis of Yd^niu)- 

Let n = 2. Let y = t\git\ for some fc, Z G Z/dL. Then, by (1216]) and (f2l2]) . we have 

tr(yei) = tr(tfyit'iei) = tr(t^+'giei) = -EiT{t\+^) = -E^^+h 
and, by (|2.ip (f9). Lemma [1] and (j2.15p . we have 

tr(yyiei) = tr{t\git\giei) = tT{t\gleit{) = tr(t^'+'ei)+(n-l) tr(t^'+'ei)+(n-l) tr(i^+'yiei) = Exk+i- 

So (lEED holds. Now let y = tft^ for some k, I G Z/dZ. Then, by (HljXfa), dZlD and Lemma H we 
have 

tr(yei) = tr(t^4ei) = tr(t^+'ei) = E^k+l 

and 

tr(yffiei) = tr(t^45iei) = tr(t^giei4) = -E^k+l- 
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So dSSI) holds. 

Now assume that (|5.8p holds for n. We will prove it for n + 1. Let y = Wngn9n-i ■ ■ ■ diti for 
some k £ Z/dZ and some Wn G Yd,n{u)- If j < n, then, following the definition of the trace and 
the induction hypothesis, we have 

tr(yej) = tr(tD„g„g„_i . ..git^Cj) = -Etr{wngn-i ■ ..git^iej) = Eii{wngn~i ■ ..git^gjej) = -tv^ygjej 



If j = n, then, we have to distinguish two cases: If i = n, then we have, by (I2.6p . 

tr(yen) = tr(w„5„t^e„) = tr{t'^Wngnen) = -Etr{t^Wn), 
and, by I^{f2), and Lemma H 

tr(2/5'nen) = tr{wngntngnen) = tr (t^t(;„5f^e„) = utiit^Wnen) + (n - l)tr{t^Wngnen) = Etic{t^Wn). 
If f < n, then 



tr(ye„) = tr {wngngn~i ■■■ giti en) ti{wnen-igngn~i ■ ■ ■ giti) = -E tr{gn-i ■ ■ ■ giti Wnen-l) ■ 



Following the induction hypothesis, the latter is equal to 

£'tr(5„_i . . . git^Wngn-ien-l) = -tl{Wngn-ien-igngn-l ■ ■ ■ giti) = 
-iT{Wngn-igngn-l ■ ■ ■ git^en) = -tx{Wngngn-igngn-2 ■ ■ ■ git^en) = -tr(yst„e„). 

Finally, let y = Wntn+i some k G Z/dZ and some Wn G Yrf^„(n). If j < n, then, following the 
definition of the trace and the induction hypothesis, we have 

tT{yej) = tr{wntn+iej) = Xfctr(w„ej) = -Xktr{wngjej) = -tr{ygjej). 

If j = n, then, with repeated use of Lemma [J we obtain: 

tr(ye„) = tr(t(;„t^+ie„) = tr(t(;„t^e„) = EtT{wntn) = -tr(?i;„t^e„5„) = -ti{wntn+iengn) = -tr{ygn 
Equations 15.61 and 15.71 imply the following for the inverses of the generators: 

(5.9) TihGj^) = rihGj) (/iG^„(l), 1 ^ j 
and 

(5.10) tr(yff-i) = tr{yg,) {y G Yd,n{u), l^j^n-1). 

We are now ready to prove (|5.3p . Let /3 G B^j^-^ and 1 ^ j ^ n. Following Equations 15.61 and 
15.71 we obtain 

rini^a])) _ T{7r{^)G]) _ r(^(/3)) ind_hyp. f CY^^^ _ f C\<^^+' _ f (V^H) 



tri6{(3a')) tr(<5(/3)<7^) tr(5(/3)) \zj \z ) \z 



since 



(5.11) — = —1 in Case 7 and — = 1 in Case 8. 

z z 

Now let a G Bn and 1 ^ i ^ n — 1 . Following Equations 15.91 and 15.101 we obtain 

T(vr(«ar')) ^ r(vr(a)Gri) ^ r(7r(a)G,) md^yp. /CV^^^+i ^ /^yC-)-! ^ /^yC-"^) 
tr(5(aa-^)) tr(5(a)5ri) tr(5(a)50 \z ) \z ) \z ) 

again because of ()5.1ip . Therefore, in both Cases 7 and 8, our general methodology yields (15. 3p 
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5.5. The Cases 9-12. We will show that, in these cases, (j5.4p and ()5.5p hold again for all a E 
On the Hecke algebra side, we have already shown in ^5.31 that (j5.4p holds when C, = q oi Q = —1. 
Thus, it remains to show (j5.5p for Cases 9-12. 

Let /3 G -B^+i and 1 ^ j ^ n. We have 

tr (<5(/3a|)) = tr {5{P)g]) = tr + (t/ - 1) tr (,5(/3)e,) + (t/ - 1) tr (<5(/3)e,-5,) . 

By Proposition [H if S = 1, the latter is equal to 

tr {Sm + (n - 1) tr (5(/3)) + (tx - 1) tr (5(/3)5i) . 
On the one hand, if z = u, we deduce, using the induction hypothesis, that 

tr (5(/3a|)) = u'^^'^ + (n - 1) u<^^ + (n - 1) ^z^^'^^+i = u<^^+^ = z<f'''"\ 
On the other hand, \i z = —1, we deduce, using the induction hypothesis, that 

tr {b{iia])) = (-l)^(^) + {u-l) i-iy^^^ + (n - 1) = = 

Now let a G and 1 ^ i ^ n — 1 . Using formula (j2.4p , we obtain 

tr {5{aa-^)) = tr {5{a)gr^) = tr (5(a)5i) + (n"! - 1) tr (<5(a)eO + (n"^ - 1) tr i5{a)eigi). 
By Proposition [U if = 1, the latter is equal to 

tr {5{a)gi) + {u~^ - l)tr {5{a)) + (n"^ - l)tr {5{a)gi) . 
On the one hand, if z = u, we deduce, using the induction hypothesis, that 

tr {6{aa-^)) = u'^'^'>+^ + (n'^ - 1) -u^^") + {u'^ - 1) -u^^^^+i = u^^")-^ = z^^"'^^"'). 
On the other hand, if z = —1, we deduce, using the induction hypothesis, that 

Thus, we conclude that ()5.5p holds. Since ()5.4p also holds, we deduce that ()5.3p holds. 

5.6. The Cases 13 and 14- The Cases 13 and 14 have been covered by Corollaries [1] and [2] respec- 
tively. Nevertheless, we will see here how our general methodology applies also to these cases. 

Let 13 G -B^+i and 1 ^ j ^ n. We have 

r {n{f3a])) = r (vr(/3)G|) = (g - 1) r (7r(/3)G,) + gr (vr(/3)) = - 1) r {7Ti(3a,)) + gr (7r(/3)) 

and 

tr {6{l3a])) = tr (,5(/3)5|) = tr (<5(/3)) + (tx - 1) tr (^(/3)e,) + {u - 1) tr (<5(/3)e,-5i) . 
Since = 1, by Proposition [H the last equation becomes: 

tr {5{Pa])) = tr (5(/3)) + {u - 1) tr (5(/3)) + (n - 1) tr {5{/3)gj) = {u - I) tr (5(/3aj)) + n tr . 

If g = ti and C = -2; the induction hypothesis on ()5.3p yields: 

r (7r(/3f72)) = (^x - 1) • • tr (5(/3aj)) + u ■ ■ tr(5(/3)) = tr {5{f3a])) , 

as desired. If g = 1/u and C = —z/u, the induction hypothesis on (j5.3p yields: 

r (7r(/3a|)) = (- " ij (—J tr(5(/3a,)) + - (^— J tr(5(/3)) = (^— J tr(5(/3a|)), 
as desired. 

Now let a G Bn and 1 ^ i ^ n — 1. We have 

T (7r(Q;(7r^)) = q-^ r (7r(afTj)) + (g"^ - 1) (7r(a)) 
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and 

tr {5{aa-^)) = tr {6{a)g-^) = tr {6{a)gi) + {u'^ - 1) tr (5(a)ei) + (u"^ - 1) tr {5{a)giei) . 
Since E = l,hy Proposition [H the last equation becomes: 

tr {5{aa:r^)) = tr {6{a)gi)+{u^'^-l) tr {d{a)) + {u~^-l) tr {5{a)gi) = n"Hr {6{aai))+{u~^-l) tr {5{a)) . 
li q = u and C = -2, the induction hypothesis on (|5.3p yields: 

r (^(atjri)) = u'^ ■ • tr(5(aa,)) + (n"^ - 1) • r^") • tr(J(Q)) = tr {S{aa^^)) , 

as desired. If g = 1/u and C = —z/u, the induction hypothesis on (j5.3p yields: 

T{7r{aa-^)) =ui—j tv {6{aa^)) + {u - I) i— j tr(5(a)) = f — j tr(5(aari)), 

as desired. Following our general methodology, (15. 3p holds also in Cases 13 and 14. 

5.7. Conclusion. The following result, proved in Subsections I5.1H5.61 is the main result of this 
paper. 

Theorem 5. Let Xg he a solution of the Fi-system. Let tr be the Juyumaya trace on Yd^niu) with 
parameters z, Xg, and let r he the Ocneanu trace on TiniQ) with parameter Let E = tr(ej) for all 
i = 1, . . . ,n — 1. Then P = A5 if and only if we are in one of the cases portrayed in the following 
table: 



Case 


q 


c 


u 


z 


E 


1 


1 


z 


1 


C* 


any 


2 


1 


—z 


1 


C* 


any 


3 


c* 


q 


1 


1 


any 


4 


c* 


q 


1 


-1 


any 


5 


c* 


-1 


1 


1 


any 


6 


c* 


-1 


1 


-1 


any 


7 


1 


E 


C* 


-E 


any 


8 


1 


-E 


C* 


-E 


any 


9 


c* 


q 


C* 


-1 


1 


10 


c* 


q 


C* 


u 


1 


11 


c* 


-1 


C* 


-1 


1 


12 


c* 


-1 


C* 


u 


1 


13 


u 


z 


C* 


C* 


1 


14 


l/u 


—z/u 


C* 


C* 


1 



5.8. Comparing further P and A5. In Theorem[5]we give a necessary and sufficient condition for the 
invariants P and to coincide. However, as we mentioned in the introduction, computational data 
do not indicate that one invariant is topologically stronger than the other. A simple explanation 
would be that P is a scalar multiple of A5, that is, there exist (c„)„,(=n in C(g, C, it, -z, E) such that 

(5.12) P{a) = CnAs{a) (a £ B„) 

for all n G N. Then for the identity braid 1 in each i?„ we have: 

Pil) = D!^-' = CnD^-^ = CnAsil). 

We deduce that 
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Thus, if (j5.12p holds, we must have 



^(7r(«)) 
tr(5(a)) 



C 



) 



eia) 



(5.13) 



z 



for all a G Bn and for all n € N. Taking q = cr^ G for n > 2, we obtain 




We conclude that = 1 for all n € N. Combining this with Theorem [H we obtain the following 
result: 

Theorem 6. Let Xs be a solution of the Fi-system. Let tr be the Juyumaya trace on Yrf_„(n) with 
parameters z, Xs, and let r he the Ocneanu trace on T-Lnio) with parameter C,. Let E = tr(ei) for 
all i = 1, . . . ,n — 1. Then there exist (c„)„(=n ii^- C{q, C, u, z, E) such that, for all n S N, 



if and only if P = A5, that is, if and only if we are in one of the cases portrayed in the table of 
Theorem O 
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